Prelim Exam Linear Models May 2026

Preliminary Examination: Linear Models
10:00 am - 12:30 pm, Monday, May 4, 2026

Answer questions by showing all of your work.
1. Consider the linear model
yi=Po+ iz + -+ B+, & © N0,0%), i=1,...n.
Now consider the centered model
yi = o+ fi(zia —T1) + - + Bu(za — Tn) + &,
where

15 .
xj:Einj, ]:1,,]{3
=1

In matrix form, this model can be written as

y=[1 X.| (gc) + €,

where
T11 — 1 - Tk — Tk
X, = 5
Tyl — L1 - Tk — Tk
and
B.= (617 cee ,5k)T-
Assume that, for each j = 1,...,k, the values xy;,...,2,; are not all identical, and

that X, has full column rank.

(a) Prove that the ordinary least squares estimators of o and 3, are
a=y and B, =(X]X)"'X[y.

(b) Prove the following theorem. Note: We proved similar results in class, but you
may not simply cite them here. Your proof should include details comparable to
those used in class.

Let y be an n-dimensional random vector with
E(y)=p,  Var(y)=3.
If A is an n X n symmetric matrix, prove that
E(y"Ay) = p" Ap + tr(AX).
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(c) Using the result in part (b), find an unbiased estimator of 2.

(d) Let BO, Bl, e ,Bk denote the ordinary least squares estimators from the original
(non-centered) model. Find the distribution of

SSR

)
0—2

where SSR = Y7 (4; — §)? and ¢; = Bo + Biza + -+ + Byzip. If you use any
theorem, clearly state the theorem and verify all conditions required for applying
it.

2. Consider the following linear model:
Yi=18+ea  i=12,....n (1)
n

where the errors ¢; follow the time-series model

€ = pei-1 + /1 — pre, i=2,3,..., (2)
with p € (—1,1) and
e =+/1—p?ey.

Assume that {e;} are iid random variables with
E(e;) =0, E(e}) = o,

and that e; is independent of ¢, for all k < 1.

Thus, model (1) may be viewed as a linear time trend (without an intercept, for
simplicity) plus time-series noise. In answering the following questions, you may use
the algebraic facts below:

@)
& 2 n(n+1)(2n + 1).
i=1 6
@)
n ) 1 _pn+1
pr=—g—7 lol#L
—p
=0
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Sir= ol i<t
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o Let {a;} and {b;} be two sequences. Assume that {a;} is nonnegative and nonde-

creasing, and that
a2
no0 Y 4

iz|bz| < 00 and ibi;&O.
i=1 =1

Also assume that

Then, as n — o0,

Z az-ajbj_i ~ (Z (l?) (Z bj> .
1<i<j<n i=1 j=1
Find Cov(e;, €;1y) for k > 0.

Hint: You may use mathematical induction by first considering simple cases such
as (i,k) = (1,0), (2,0), (1,1), and (1,2) and then generalizing. Alternatively,
you may first express ¢; in terms of {e;} and then derive the covariance using the

independence of the variables {e;}.

Let Bl denote the ordinary least squares estimator of 5 based on the model in (1).
Derive ; and find

~

lim n Var(f).

n—00

Since the equation (2) implies

€ — P€i—1 = \/1—7/)2@-,

we may define the transformed variables
Zi =Y — peiy

Suppose, hypothetically, that the variables {Z;} were observed. Let Bg denote the
ordinary least squares estimator of  based on the model with the transformed

data {Z;}. Derive 3, and find

~

lim n Var(fs).

n—o0

Compare this limit with the one obtained in part (b).

Another method for estimating £ is maximum likelihood. Assume now that {e;}
are iid normally distributed. Derive the likelihood function for the parameters 3,
o2, and p based on the observed data Yi,...,Y, under model (1).

Hint: To avoid inverting the covariance matrix, you may use the factorization

f(€17-"76n>:f(61)f(62 | 61)f(€3 | 61762)"'f(6n \ 617"'767171)-



